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Abstract 

Solution of Monge equation of arbitrary degree (§pr = W(^^-) is 
connected with solution of functional equation for 4 functions with 4 
different arguments. Some number solutions of this equation is repre- 
sented in explicit form. 

1 Introduction 

So called Monge- Amper equation degree n + 1 in 1 + 1 dimensional x, z space 
looks as [T] 

d STU d d^U _ d d n U d d n U 
~~dx ox™ ~dz uz~^ ~ ^~d^'dx^~dy™' 
The last equation may be considered as unity to zero Jacobian between 

d n U \ d n U 
dz n I ' dx 11 ' 



1 ' which means their function dependence or 



d n U _ w( d n U 
dx n ~ ^ dz n ' 

The last equation we will call as Monge equation of n degree with notation 
M n . For initial Monge Ampher equation we use term (M — A) n+ \. Each 
solution of M n is simultaneous solution of (M — A) n+ \. General solution of 
M n depend on n functions of one argument and if it will be possible to find 
it for arbitrary W function then it will be general solution for (M — A) n+ i 
depending onn+1 arbitrary functions of one argument. 
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2 Trivial partial solution of (M — A) n+ i 

If in M n W(x) = x then solution is obvious 

n 

U = Y,fk(x + \ k z), X n k = l 

k+1 

From this example it is clear that existence of the solution of M n will deter- 
mine function W for which solution is possible. 



3 Mi 

U x = W(U Z ) 

Solution is well known connected with classical Monge equation X z = XX X 
which can rewrite in the form of zero Jacobian (x + Xz) x X z — (x + Xz) z X x = 
.The last condition means functional dependence x + Xx + Xz = F(X) This 
is exactly general solution in implicit form of classical Monge equation. 



4 M 2 

The results of this section will be used below in sections M 3 , M n . Equation 
M.2 looks as 

U ZtZ = W(U XjX ,U ZjX ) 

Really relation above is not the equation because 3 arbitrary functions in 1 + 1 
are always functionally dependent. The talk is about some parametrization 
of functions involved in this relation. 

In notations a = U Z)Z = W(b,c), b = U X;Z , c = U xx equation M) 2 
looks as system of equations a x = Wbb x + W c c x = b z , b z = c x . 

This is typical hydrodynamic system. (|2j. By transformation x = 
X(b, c),z = Z(b, c) we calculate derivatives 

b x = jj, c x = b z = --jj, c z = ^j, D = Jacob(X, Z) 

Linear system of equation above is resolved in terms of one function R,X — 
Re-, Z = Rb 

R cc = —WbR C b + W c Rbb 
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There are no known methods for solution of this equation under arbitrary 
function W. Below we propose some trick for finding solution of this equation 
together with function W. Let us try represent second order differential 
equation in factorize form 

d 2 d 2 d 2 d d d d 

8? + Wb dWc - Wc db 2 = { d-c + ^% + U2 db ] (1) 

Comparison left and right sides lead to conclusion 

v x + v 2 = W b , v x v 2 = -W c , v 2 + v x v 2 h = 0, v\ + v 2 v\ = (2) 

In what follows always v 2 = v 2 , V\ = v x . There are obvious three possibility 
in resolving the last system of equations, which will be considered on three 
subsections below. 

4.0.1 v 2 -,v\ = Constants 

In this case R = R\{b — v\c) + R 2 {b — v 2 c) , W = {y\ + v 2 )b — viv 2 c + w{Rb). 
x = Rb = R\ + R' 2 , z = R c = —v\R\ — v 2 R 2 . Resolving two last equations 
b — v 2 c = Li(x + v\z\ b — v\c = L 2 (x + v 2 z) or finally c = ^Z^ 1 ; c — 
v 2 l 2 -v 1 l 1 j n ^ e same terms W = u ' 2 2 '" 1 - +w(x). Let us introduce notation 
Ig = 2 2 2 _ v \ 1 ■ A;- derivatives of L function by their own argument. It is 
obvious^/*), = l k +\ {l k s ) z = l k +l 

4.0.2 v\ = Constant, v 2 = v 2 (b — V\c) 

v 2 = u 2 ((b - u lC )), R = R^b - u lC )) + R 2 U ib ~ vlc ds 1 ^ - b)) 

l>\ ■ V 2 V\ 

x = R b = R,+R 2 , z = R c = —uiR 1 +R 2 , x+v x z— = v 1 R 2 , 

-v 2 - v x ' -v 2 - v x 

x+u 2 z = AR' = 6(z/ 2 ) c — C(i/ 2 )—L(x+i/ 1 z), b = J du^C^—^^x+uxz), 

a = J dv 2 v\C V2 — v\L{x + v\z) + 9(z), 
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4.0.3 v 2 c + v l v 2 = 0, v\ + v 2 v\ = 

In the system of equations in the title of this subsection let us perform trans- 
formation b = B{v l v 2 ), c = C{v l v 2 ). Absolutely by the same technique as 
above we pass to the system of equations with obvious solution 

B V 2 - v 2 C u 2 = 0, £„i - u l C v i = 

c=C = CV 1 ) + C 2 (v 2 ), b = B = J du^Cli + J dv 2 v 2 C% 

W = J db^ + ^-J dcv x v 2 + w{x) = J dv 1 (u 1 ) 2 Cli + J dis 2 {v 2 ) 2 C 2 2+w{x) 
From equation 

,dR dR s n ,dR dR s n 

(both differential operators are commutative) it follows R = R 1 ^) + R 2 (u 2 ) 
(If + ^f) = (If - §f) = from which follow result above - Further 

z = R b = Rl^v^b + Rl 2 (iy 2 ) b , x = R c = Rl^vijc + i^Wc 

or 

x + v x z = Rl^is^c + i/i(z/i) 6 ), x + iajz = R 2 V2 ({y 2 ) c + v 2 {y 2 ) h ) 

After differentiation expressions above for 6, c functions via v ones we obtain 
system of equations for determining derivatives of v functions 

C>l + C 2 2 v 2 / C^l + C 2 2 u 2 \ f0 

'Clvl + v 2 C 2 2 v 2 J ~ \0) ' + ^ 2 C> 2 



Result of solution 

z/ 2 z/ 1 1 1 

V A — V L V A — U L V A — V L — V L 

Substituting these expressions in relations connected x, z variables with (u) 
one we obtain finally 

X + 1S 1 Z= Y — x =9(l/J, X + 



~ ~ ^ " ^ ' — C 2 2 = 9> 2 ) 
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5 M 2 



This case coincide with the previous one under condition Wb = 0. The second 
order differential equation looks as 

Rcc = W c Rbb 

Solution of this equation it is possible to find in a form R— J dke kb w(k,c). 
For w we pass to ordinary differential equation of the second order w cc = 
k 2 W c w. This is typical one dimensional Schrodinger equation with zero en- 
ergy and potential function k 2 W c (c). All cases when it is possible to find its 
solution in explicit form are described in corresponding monographies.The 
linear equation of second order have two fundamental solution wi,W2 and 
general solution is their linear combination. Thus 

W = J ' dke k \f l {k)w l {k) + f 2 (k)w 2 (k)) 

Both fundamental solutions are depended from k because potential energy 
k 2 W c depends from this parameter. Thus (M — A) 3 have trivial solution 
depending on two one dimensional functions and series solutions connected 
with the cases of integrability of corresponding ordinary differential equation 
also depending on two one dimensional functions /i, / 2 . 

5.1 Degenerate solution 

In the main text of this section was assumed no one 2 functions from 3 

ones a, b, c functional dependent. Let us consider opposite situation, c = 

C(a) = W~ l (a), b = B(a) (W" 1 inverse with respect W function). From 

linear system of equations a z = b x , b z = c x = C a a x we immediately obtain 

B 2 a = C a and the first equation is usual one dimensional Monge equation 
i i 

a z = Caa x with solution in implicit form x + Ca z = G(a). Thus we have 
solution in degenerate case M 2 , (M — A) 3 equations depending on 2 arbitrary 
functions (W~ l (a),G(a)). 

6 M 3 

U xxx = W(U ZZZ ) 
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This equation as in section possible system form in notations a = U Z>Z)Z , b = 
U x ,z,zi c ^x,x,z d U X; x,x- d z c x W^o)^ ci z b x , b x c z . In 
two dimensional all three functions are functionally depended. Thus it is pos- 
sible represented a = f(b, c) The system of equations under such assumption 
take form 

fbb x + f c c x = b z , b x = c z , c x = W b b z + W c c z , W = W(f) 

After the same transformation as in section M 2 we pass to two equations in 
partial derivatives which must be self consistent 

f b R b , c -f c R b , b = -R c , c , -R b , b = -W b R CyC +W c R cM W = W(f), x = R c , 

(3) 

6.1 ^2,^1 = Constants 

In this case R = R\{b — z^c) + R2(b — z/ 2 c), W = (v\ + V2)b — v\V2C + w(R b ). 
x = R b = Ri + R' 2 , z = R c = —V\R\ — h>2R' 2 - Resolving two last equations 
b — V2C = Li(x + v\z\ b — v\c = L 2 (x + u 2 z) or finally c = ^ 2 ~^ , b = 
u 2 l 2 -u 1 l 1 ^ j n game terms f = " 2 2 ~ Vl 1 + a(x) For determination W we 
have additional equations 

v -i + v-i = W c , (vm)- 1 = ~W b , i/ c 2 + 1/^ = 0, vl + v 2 vl = (4) 

W = cfa" 1 + v, 1 ) - b{v,V2)- 1 + 9(z) = - U ' lLl + 9(z) 

u 2 — V\ 

Thus in notation of the section M 2 we have 

c = l° Q , b = l° 1 , a = f = l° + 0(z),W = l°_ 1 + a(x) 

But W = W(f). This fact is equivalent as equality to zero Jacobian be- 
tween this functions Jacbian(f, W) = with arbitrary two arguments of the 
problem. Choosing such arguments have 

f x W z = f z W x , (ll + e z ){l\x + a x ) = 

or 

a x 9 z ) + aJl + 6 z l\ + -^-L 2 L[ = (5) 
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In what follows following notations are used 



^2-^1, [J = K + ^1^2 + ^ 2 ), P = n 



Equation above is functional equation connected 4 functions L 2 ,L\,o x ,Q z 
with 4 different arguments x + i^z, a; + viz, x, z. This functional equation 
may be rewritten in many different forms. We present one of them from 
which we will be able to obtain some number of partial solutions 



6 Z + v\L\ 9 Z + v\L 2 



v x L[ - v 2 o x v 2 1 L 2 - V\O x 



(6) 



Both functional equations are invariant with respect to the following trans- 
formation 



4 4 ' ^ n ' i vr/' ^ of 

^1^2^ # 2 ^1^1 ^2 

We would like to show that if one derivatives is constant functional equation 
have some explicit partial solution. 



6.1.1 a x = A = Constant 

In this case let us introduce in the last equation notation u _1 (x + v\z) = 
Ui 1 L[ — u 2 A, v~ 1 (x + v 2 z) = v 2 x L 2 — nuiA and determine 9 Z in this terms. 
Result is the following one 

v\ — v\ v\v\Au — v 2 v\Av 

9 Z = 1 

u — v u — V 

Derivative with respect to x the last expression equal to zero and u x = 
u', v x = v The final result 

= k, ln(tH-(i4) -1 ) = k(x+v 2 z)+d 2 = kD 2 , A = pA 



1 v x 

u 



u+iA)' 1 (v + iA)- 1 



v 



^ kD, _ u 2 D 2 
d * = pkDi pkD-2 
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Trivial integration of the last expressions lead to 

L 2 = ^ ln(l - Ae- kD2 ) + u 2 u 1 AD 2 , L x = ^ ln(l - Ae Dl ) + v 2 v x AD 2 

3 3 

= -A " 2 '" 1 \n(e- kD2 - e- fcDl ) - Av 2 v x \{y 2 + u 1 )x + \\z] a = Ax 

rC/A 

W = /° +0- = A —————— x +- In M, +Ar = - In M 

- 1 A k l-Ae- kD i k 1 - (A)- 1 e~ kDl 

f = a = l° 2 + 9 = A YlElzAEA + ^ J* ln( i _ ie- fe ^)- 
2 A 2 Ak K ' 

t 3 3 



fcDi 



or 

^f = (ul-uf)He W ^-l) + ^ (7) 
6.1.2 L[ = D = Constant 

In this case let us rewrite the main equation in equivalent form 

v 2 l L 2 - v x a x L' x 9 Z + vl'L 2 



v x 1 L[ - v 2 a x 6 Z + v\L' x 



(8) 



and introduce notations u 1 u 1 (x) = v x l D — u 2 a x , v 1 (z) = 9 Z + v\D. In 
this notations the last equation resolved with respect to L 2 looks as 

^2 — — — + U — 71 ~ 

v 2 u — v 2 v v 2 u — v 2 v 

After action on the this expression by operator H = — f 2 ^ keeping in 
mind that i?L 2 = 0, Hu = —u 2 u x , Hv = v z we pass to equation for u, v 
functions with obvious solution (D = D(h> + v 2 )) 



+ v 2 1 ^^ = 0, v 2 l D- l + v = e~ k ^ z , u 2 2 D- l +u = e k 
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Substituting these expressions ion equation for L 2 and using definitions of 
u, v functions we obtain explicit expressions for all derivations 

e -kD 2 i 

L 2 = D + D{v\ - -i 2 )-T3^nv °* = ~ ^ ^.^D-i 

L[ — D, 6 Z = -v\D + 1 - - t 

Trivial integration leads to explicit expressions of L 2 ,L 1 ,9,a functions 

L 2 = ^rDx + v 2 Dz + D^p- \n(i/o 1 e kx - vle~ kV2Z ), U = D(x + v x z) 

v 2 fcZ/9 



^2 + ^1^, , - kv2Z _ ir in-H _ _ ,,-3,-ln rtrr ._,-3 D _^fkx_,,2f,-ls 



6 = -D[]z-D z - 1 D\n(e- kU2Z -u 2 L D- L ), o = v 2 A v^Dx-v 2 4 —\n{e kx -v l 2 D 
With help of these formulae and definitions above we have 

n p -kv 2 z _ -1 rS-l 

ty = <°i + g = ^ 2 ~ 3 jln(^ 2 ~' - *f ^ _ 1 )■ 

n ^ _ -1 rS-l 

or functions W, / are functionally dependent 

z/ 2 e o — e d = l (9 j 

6.1.3 9 Z = E = Constant 

After introduction new notation ^(x + v\z) = E + v\L' x , ^(x + v 2 z) = 
E + v\L 2 and resolving the main equation (?? with respect Toa x we have 

Oxiyi v — v i u = v 2 3 — u i 3 + E(ui 3 u — v 2 3 v) 

After calculation derivative with respect to z argument and trivial manipu- 
lations as in previous sub subsections we pass to equations foe u, v functions 
with obvious solution 

v x v! v 2 v Jl Di Vi iL Da v 2 

— k — — u = e"i — — , v = e"2 — 



u+% v + % '~ Ep> ' Ep 
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From definitions of u, v functions above a x via these functions we obtain 

2f P 1 2ri 1 ^"^-I^e^ 

I/2L2 = _ jE7+ ^l^-Ej, ^ = £ _^ _^ 

e " 2 Ep e " 1 Ep h>ie v z — v 2 e v ^ 



Result of integration 

v\L 2 = —ED 2 + P - ln(l - V \ U = -ED, + £ ln(l - ^e^) 

k hp k Ep 



-3 -l ^i + ^n v ^ + v 2 ( DP aw — -i^N 



/ = T^r In (1 ^ ! 2 \ W = ^h- 3 ln(l-^e-£ D2 )-^ 3 ln(l-^e"^ Dl )- 
(z/ 2 - 3 - //f 3 ) ln(z/ ie ~^ Dl - z/ 2 e~^ D2 )]. 



From the last two relations above we obtain 

-W = z/ 2 ~ 3 ln(l - e f ^) - z/f 3 ln^" 7 & - 1) 

rC/A 



6.2 z/! = Constant, v<i = — ^ic) 

^ 2 = - ^ic)), i2 = i2i((6 - v lC )) + i? 2 (j^ ic cfaj^z^sy - h )) 

l>\ ■ V 2 V\ 

x = Rb = R1+R2 , z = R c = —viR l +R 2 , x+v\z— = V\R 2 , 

-v 2 - v\ -v 2 - V\ 

x+u 2 z = AR' = Q(v 2 ) c— C(u 2 )-L(x+u 1 z), b = J dv 2 v 2 C V2 -v x L{x+v x z), 

a = J dv 2 vlC U2 —v\L{x+viz)+0{z), W = J dv 2 v 2 x C V2 v^ x L{x+viz)+a{x) 
and only one equation remains 

W = W(a), a x e z +e z {v 2 l C U2 {v 2 ) x -v^L')+aMCu^2) x -ylL') = ^{y 2 ) x C V2 L' 

V\V 2 

also functional equation of the same kind as above and below ones. 



10 



6.2.1 9 Z = E = constant 

Only with the aim to demonstrate self consistence of this equation let us 
consider the simplest case L' — and simplest solution u 2 = — |, = 0, z/ 2 = 
— \,vt = zk, Functional equation reduced to 



1 1 Is 1,1, ,1x4 



The second equation arises after differentiation the first one with respect to 
z. Solution of this system is the following one 

C V2 = hv\ + a, 6 = -^-\n(kz~ 3 + /5), a = ^- ln(ax~ 3 + k) 

After simple calculations we obtain functional dependence W, a — f functions 
in a form e 3aW + %e~ 3k f = f . 

k k 

6.3 vl + v l vl = 0, v\ + v 2 v\ = 

We present only finally formulae of the corresponding subsubsection of sec- 
tion 4. 

c = C^i + C 2 2 , 6 = | di/VC£i + | dz/VC 2 2 

f = J [(v 1 +v 2 )dc-v 1 v 2 db]+e(z) = I dv x v\c\+ 1 dv 2 vic 2 U2 +e, iy = Vi ) 



W = J[(^ 1 + u 2 1 )db-(u 1 u 2 )- 1 dc]+a(x) = J du 1 u^ 1 Cl 1 + J dv 2 v 2 1 Cl 2 + a 

Substituting these expressions in relations connected x, z variables with {y) 
ones we obtain finally 

r.U U ^2/ 2, 2 -0 1 Z/!© 2 -^© 1 

z + vix® [v ), z + v 2 x = © [y ), z = — , = — 

Thus only one problem which remains to resolve is functionally dependence 
of /, W functions or f z W x = f x W z . Taking into account equations defined v 
functions we have 

.i 1 ,.i vX ..2 1 2 ^ 



v„ = , za = — , za. = — , z/. 



li 



^1 ^1 Qi Q2 
which can be rewritten in equivalent form 

v 2 1 C 2 ±-v x o x 9 z + is 2 C 2 ± 



an thus (??) and last above is functional equation connected 4 functions 
C 1 , C 2 , 9, a with corresponding arguments (v 1 , u 2 , z, x). 

Of cause we have no idea how to find general solution of (??) and we 
present below one of its partial solution to prove its self consistence. 

6.3.1 9 Z = E = Constant 

Absolutely by the same way as in previous subsubsection we assume 6 Z = 
A = Const and choose G functions in special form O 1 = u 2 , O 2 = v\ 
for which z — v\ + v 2 , x — —V\v 2 , q 2 = A, qi — —A. Under such 
restrictions we resolve equation (??) with respect to a function in a form 

"J^UE + ~ ^Cl 2 {E + v\Cl\ _ X P-P 

v 2 {E + v 2 C 2 ^)-v x {E + v 2 C\) X Q-Q { > 

where Pfa) = ME %c^ P (^) = M^kcf^ Q = ME+^ch, ' = 

^(g+^cg,) ' u i p + E Q = h v ^ p + E Q = i Let us choose Q = av i + 

E' 1 ^ 1 , P=-aDu{\ Q = au 2 + E- 1 U2 1 , P = -aDv 2 x . Under such 
choice we have 

la, = — E ^ ci = — s — g _ a 1 . = — s — g _ - , ^ = # 



a;+(a J D)- 1 ' 1/1 ~ ^ 2 + (aD)- 1 ' 1/1 ' v\ + (aD)- 1 



From main equation it follows that it is invariant with respect to multiplica- 
tion all unknown functions 9, a, C 2 , C 1 on common factor. By this reason we 
will omit common factor E in solution above and denote (aD)^ 1 = g. Now 
in connection with beginning of section 6 we calculate 

W = - dv x — r / dv 2 —^ r h a = — In — ^ h 

7 \yi J rg)y\ J w + g)^ 2# A v i 

12 



Thus in this case solution of M 3 exists if function W as function of its argu- 
ment / looks as 

e 2 9 W 1 



cosh 2 (fy/=g) 

There are other solution if assume from the beginning that E — 0. Then 
equation (??) takes the form 

( v l _ v l\r 2 r 1 w-3 ,,-3 

X ~ AC\-v\Cl x - Q-Q {U) 

where Q = -j^r Q = T^bf- Resolving of (??) 

.3 i l i „,,-3 r\ — n — „,,3 i l i „,,-3 



Q = a^i + b + cv l , Q = Q = av 2 + b + cv 2 , = 



x(ax 3 + c) 



a= -^ln(a+cx 3 ), C\ = -, C 2 



3c v " 1/1 a(z/ 1 3 + « 1 )(z/ 1 3 + a 2 )' " 2 a (z/ 2 3 + «i)(z/ 2 3 + a 2 ) 

where «i + a 2 = ^, aia 2 = ^. 

, [, ^ ,/ _^ x 1 , (^ 3 + ai)(z/ 2 3 + ai) 

J a(uf + ai)(v{ + a 2 ) " 3a(a 2 - ai) {v{ + a 2 )(u^ + a 2 ) 

■ln^-, a 2 Qi - a 2 Q 2 = (ai - a 2 )(x i + aia 2 ) 



3a(a 2 - ai) Q 2 

r v~ x 1 

W = / di^i— ^ ±—= r + ->■ i/ 2 ) + A = — -(lnz/ 3 z/ 3 )- 

y a{uf + a^iuf + a 2 ) 3a(a 2 ai) 1 2 

In Qi H In Q 2 ) + — In- 



a 2 — cti a 2 — cti 3c (a\ — a 2 )x 3 



« 2 ln ^JL^jr ft i ln Q2 o;~ ai 



3c(a 2 — «i) (ai — a 2 ) 3c(a 2 — ai) («i — a 2 ) 
And finally dependence of from / under which solution of M 3 exists in 
this case is the following one 



a 2 - aie'^ a2 ~ ai)f , a 2 e 3a(a2 ~ ai)/ - e*i 



3c(a 2 — = a 2 In cti In (13) 

(«i - cc 2 ) («i - a 2 ) 
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7 M n 



The results of previous sections may be generalized on the case of M n equa- 
tions with arbitrary n. 

Let us introduce notations a k = ( Q™n U k dz k k = 0, 1, ...n — 1, then M n 
equation a n = W(a°) may be represented in a form 

a k = a k+ \ a n - 1 = a n z = W(a°) z = W a oa° z 

Now let us use parametrization by one of 3 possibilities of previous sections. 
For instance v>i,v 2 = constants and functions If, are defined by the same way 
as above. There are not difficult to check that functions a k defined as (all 
notations see in section M 2 ) 

a° = l° n _ 1 + e(z), a l = P n _ 2 , ,a 2 = /°„ 3 W = l\ + a{x) 

satisfy all equations above except of condition of functionally dependence 
functions W + a x and a° + 6{z) 

{l l n + e z ){l\x + a x ) = ll_.ll, a x 6 z + aJl + d z l\ + -^-L 2 L[ = (14) 



,n , ,n 



where [] n = * J ■ We emphasize that among solution of last equation 
the trivial one is exists. Really let 9 = o = and W = a? then last 
condition means that (we assume also that L\ = 0) (— —L 2 = and this 
is exactly trivial solution of section 2. It is understand that solution in the 
considerable case M n equation may be obtained from case M 3 by very simple 
manipulations. The example below clarify situation. 

7.0.2 6 Z = E = Constant 

Equation (??) in form resolved with respect to a x in notations 
looks as 



o x v x v 2 



R-R 
Q-Q 
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After differentiation the last with respect to z we pass to 



= (u 2 R - v x B!)(Q -Q)-(R- R)(u 2 Q - v x Q') 

Substituting Q, Q via R, R we obtain equations for determining R, R func- 
tions 

11 R 1 1 R 1 

— (l57 + ^i^Dn-i^r) = — (— + fi^Qn-i— ) = T = Constant 
v\ R R! v 2 R R k 

with solution 

R = \ + ce kU2l]n - lDl , R = \ + ce kvi ^- lD2 

E Q = h vl~ x ce kv ^ D \ EQ = \ v^ce^-iD* 

Substituting these results in equation for u x v\v 2 



and all other calculations as in the case of M 3 equation. Explicit expressions 
for Q, Q define L 2 , L[ . After integration these expressions we obtain explicit 
form oL 2 ,L\,Q = Ez functions some partial solution of M n equation and 
explicit form of W function under which this solution exists. 



8 Conclusion remarks 

In the present paper was proposed and used the following construction. 
Infinite dimensional chain of of equations a k = a k z +1 was realized on the 
space of 2 one dimensional functions in 3 version u k 2 L^ 2 {x + v\ t2 z), v 12 = 

Constant, u k L(x+uiz), J du 2 u k C^ 2 ,ui = Constant, x+v 2 z = Q(v 2 ), / ^ v \ v \C\i f dv 2 v k C^ 2 , x+ 
V\z = Q(i>i),x + v 2 z = Q(u 2 ). After this this chain was interrupted by ad- 
ditional condition a n+l + cr(x) = W(a° + 6(z) which lead exactly to solution 
of M n . 

In this way we come to situation when question of integrability is con- 
nected with functional equation of special form. In this connection we would 
like to notice that functional equations arises before in the theory of inte- 
grable system for finding general solution in implicit form [?].(3 — 4) What 
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class of solutions of M n it is possible to find by this method we don't know. 
What connection have all this with group theoretical approach is unknown 
for us at the present moment also. In general the very interesting problem 
may be formulated as the follows it is necessary to enumerate all functions W 
with choice of which equation M n has integrable solution. Part of this solu- 
tions in partial cases we have presented in this paper in explicit form. What 
domain of mathematic responsible for this is the most interesting question 
for further investigation. 
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